Several key compounds for the final beer flavour (higher alcohols, esters, vicinal diketones) are produced during 9 the alcoholic fermentation phase. The paper demonstrates the possibility of obtaining various desired final aroma 10 profiles and reducing the total process time using dynamic optimisation of three control variables: temperature, 11 top pressure and initial yeast concentration in the fermentation tank. The optimisation is based on a sequential 12 quadratic programming algorithm, on a dynamic model of the alcoholic fermentation and on an aroma 13 production model. The robustness of the optimal control profile with respect to model uncertainty is discussed. 14
Introduction 18
The alcoholic fermentation is an important stage in the beer production process. During this phase, fermentable 19 sugars present in the brewing wort are transformed to ethanol and several aroma compounds important for the 20 final beer flavour are produced. The contribution of the alcoholic fermentation phase to the final beer flavour 21 depends on the wort composition, on the yeast strain and on the operating conditions. Industrial operating 22 conditions for most existing beer brands were determined empirically and are confidential. The aim of this work 23 is to demonstrate the possibility of optimising the fermentation temperature profile, the top pressure profile and 24 the initial yeast concentration based on organoleptic and economic criteria. The organoleptic criterion takes into 25 account target concentrations of the following compounds believed to be important for the final beer flavour [1] : 26 two higher alcohols (isoamyl alcohol and phenyl ethanol), three esters (ethyl acetate, ethyl hexanoate and 27 isoamyl acetate) and one vicinal diketone (diacetyl). The economic criterion is based on process time 28 minimisation. 29
Previous work on the optimisation of the brewing process was concerned with the computation of the 30 temperature profile alone. Gee and Ramirez [2] used Pontryaghin's minimum principle for the temperature 31 profile optimisation which insured a minimum fermentation time and a maximum ethanol production. Not 32 surprisingly, they found that the fermentation temperature take its maximum possible value at any time. This 33 purely economic optimum could be anticipated from the existing knowledge of the alcoholic fermentation 34 process but is not used in practice because of its undesired effect on the aroma composition. Andres-Toro 35 et al. [3] used an optimisation technique based on genetic algorithms and introduced the idea of aroma targets 36 (for ethyl acetate and diacetyl) in addition to fermentation time minimisation. They obtained a non-trivial 37 temperature profile where high temperatures were still favoured, however. 38
Materials and methods

48
Experimental 49 The alcoholic fermentation and the aroma production models were built and validated on data coming from nine 50 laboratory scale experiments. Experiments were carried out in a 15 L, 0.5 m high, stainless steel bioreactor (LSL 51 Biolafitte, France) filled with 12 L of wort, under gentle agitation (100 rpm). Preliminary experiments showed 52 that mechanical agitation was needed to compensate the absence of the natural agitation that occurs in large scale 53 brewing (10 m high tanks or higher) due to CO 2 release. The lager wort and the industrial yeast strain, 54
Saccharomyces cerevisiae var. uvarum, were provided by the Institut Français de Brasserie et Malterie (IFBM, 55 France). The conditions of the experimental runs R1 to R4 and R6 to R9 were selected according to a 2 3 56 experimental design. The three factors were the fermentation temperature (10 and 16°C), the top pressure (50 57 and 800 mbar) and the initial yeast concentration (5 and 20 million cells/mL). The run R5 was performed in 58 intermediate operating conditions (13°C, 450 mbar and 10 million cells/mL). 59
The concentrations of ethanol, isoamyl alcohol, phenyl ethanol, ethyl acetate, ethyl hexanoate and isoamyl 60 acetate were determined by gas chromatography [5] coupled with mass spectrometry in the case of diacetyl [6] . 61
The evolved carbon dioxide was recorded with a gas meter (Schlumberger, France), with a resolution better than 62 0.5% of the total amount of gas produced in each experiment. The measurements describing the alcoholic 63 fermentation (ethanol, wort density, CO 2 production, refractive index and fermentable sugar concentration) were 64 reconciled using well-established stoichiometric relationships [7] . The yeast cell concentration was determined 65 with a particle counter (Coulter Z1, Coultronics, France). Three counts were performed at 3 and 3.5 µm and the 66 logarithmic average of the six counts was taken. 67
Alcoholic fermentation model 68 The optimisation of the operating conditions with respect to the specified criterion is an iterative process. In each 69 iteration candidate solutions are tested using a process model. The process model used in this work consisted in 70 an alcoholic fermentation model coupled with an aroma production model. 71
The alcoholic fermentation model is a modified version of a previously reported one [8] . The main modification 72 concerns the description of the CO 2 transfer between the wort and the headspace. In [8] it was assumed that CO 2 73 was dissolved in the wort until saturation and released afterwards. This assumption was reasonable for constant 74 operating conditions, but seems questionable in the dynamic optimisation context when variable temperature and 75 top pressure profiles are usually obtained. The stated assumption was replaced by a rigorous mass balance of the 76 CO 2 in the wort and in the headspace and a mass balance of the air in the headspace. Solubility of the air (N 2 and 77 O 2 ) in the wort was found negligible as far as the mass balance was concerned. 78
The alcoholic fermentation can be described equivalently by the fermentable sugar consumption, ethanol 79 production, wort density decrease or CO 2 production [7] . The CO 2 was selected because it is the most convenient 80 variable to be measured on-line [9][10]. The model was constructed by analogy with classical microbial growth 81 kinetics with substrate limitation and product inhibition: 82
The rate of the alcoholic fermentation was described by the rate of CO 2 production dt dC p / . Simultaneously, 87 ethanol (E) is produced and fermentable sugars (S) are consumed, with constant yields (Y E/C and Y S/C 88 respectively). The initial fermentation rate, when 0 = p C , is proportional to the initial yeast concentration X 0 . 89
The "specific" fermentation rate ν was expressed as [11]:
For small temperature variations (±3K) compared to the typical absolute fermentation temperature (286K), the 92 given relationship is a close approximation of the Arrhenius law. A similar dependence was assumed for the 93 dissolved CO 2 (C d ). The "typical" temperature and dissolved CO 2 values are those of the central point of the 94 experimental design (run R5) and correspond to usual values for lager beer making. For modelling purposes, it 95 was assumed that the produced CO 2 (C p ) is transferred into the solution, because of the large contact area 96 between the yeast cells and the wort. The mass transfer between the solution (C d ) and the headspace (C h ), 97 depends on the partial CO 2 pressure in the headspace (p c ) and on the tank geometry and agitation through a 98 kinetic constant (τ): 99
C sat is the equilibrium CO 2 concentration in the wort at a given temperature (θ) and at a given partial headspace 102 pressure (p c ). It was determined from tables provided by Institut Français de Brasserie et Malterie and 103 approximated by the following empirical formula: 104 The evolution of the CO 2 concentration in the headspace (C h ) is given by : 106
where γ is the ratio of the wort volume to the headspace volume, C a is the air concentration and Φ g the total gas 109 outflow rate (CO 2 + air). The CO 2 outflow rate is proportional to the CO 2 mass fraction in the headspace. The air 110 concentration in the headspace diminishes with a rate proportional to the air mass fraction: 111
The partial CO 2 (p c ) and air (p a ) pressures were calculated using the perfect gas law. where R is the perfect gas constant, M c is the CO 2 molar mass and M a is the equivalent molar mass of the air. 119
The parameter values of the alcoholic fermentation model are reported in Table 1 control, with the following modifications: (i) In the new version, the operating conditions affect the yields versus 125 CO 2 in a multiplicative, rather than additive way. (ii) The two-phase yield for the ester production was replaced 126 by a single-phase, monotonically increasing yield. (iii) The model parameters were identified based on the whole 127 pool of experiments, rather than separately for each experiment. This allowed a statistical analysis of the 128 reliability of the parameter estimates. (iv) Parameters not significantly different from zero were removed from 129 the model, i.e. set to exactly zero. 130
Higher alcohols. Two higher alcohols were considered in this work, based on their organoleptic thresholds in 131 beer [1] : the isoamyl alcohol (IAL) and the phenyl ethanol (PHL). Their production rate was related to the 132 alcoholic fermentation rate, with yields (Y i/C ) depending on the operating conditions: temperature (θ), dissolved 133 CO 2 (C d ) and initial yeast concentration in the wort (X 0 ): 134 
The effect of the operating conditions on the yields (Y i/C (θ,p,X 0 )) had the same mathematical expression as in the 143 case of the higher alcohols (Equation 18). 144
Vicinal diketones. The two important diketones in beer are the diacetyl and the pentanedione. In the considered 145 experiments, the pentanedione concentration was always lower than the organoleptic threshold [12] and hence 146 only the diacetyl model was considered for the optimal control. A detailed analysis of this model was given 147
previously [12] . The diacetyl was simultaneously produced and reduced during the alcoholic fermentation: 148
The production yield (Y DIA/C ) asymptotically decreased to zero. An empirical relationship describing this 151 behaviour was established: 152 
Here a i (t k ) are the measured concentrations and A i (t k ) are the concentrations predicted by the model with n i 161 nonzero parameters. The measurement variance The numeric values of the coefficients appearing in the aroma production model, together with their confidence 164 limits, are reported in the Table 2 
. 165
Optimal control problem 166 The optimal control of the fermentation process consisted in the selection of the operating conditions that 167 minimised an overall criterion Q, which reflected the desired product quality and plant operation mode. 168
Additional requirements were introduced via a set of constraints that admissible solutions must satisfy. The 169 operating conditions considered in this work are the wort temperature θ, controlled by the cooling rate Φ θ , the 6 top pressure p, controlled by the gas outflow rate Φ g , the initial yeast concentration in the wort X 0 , and the total 171 fermentation time t f . The optimal control problem is stated as: 172
The "arg min" symbol means the "the values which minimise". The optimisation criterion and the constraints are 174 detailed below. 175
Optimisation criterion 176 The considered problem is a multiobjective optimisation: approaching the five aroma targets as close as possible, 177 reducing the final diacetyl concentration and the total processing time, as well as smoothing out the temperature 178 and the top pressure profiles. The overall optimisation criterion is a weighted sum of the nine partial criteria. The 179 weights specify the desired trade-offs between possibly conflicting objectives. In order to simplify the selection 180 of the weights, all partial criteria were scaled by physically meaningful quantities. Thus, the partial criteria and 181 the associated weights are dimensionless quantities of order of unity. 182
Approaching the aroma targets. The final concentrations of the five aroma compounds, believed to be 183 important for the final beer flavour, have to be as close as possible to their respective targets: 184
Here Q i is the partial criterion associated to the aroma compound i, W i is the associated weight, A i (t f ) is the aroma 186 concentration at the end of the fermentation, A i,trg is the target concentration, and A i,tol is the accepted tolerance. 187
Since there is no point in trying to approach the target closer than either the model accuracy or the perceived 188 difference, the tolerance was selected as: 189 2 ,
where σ i is the model prediction accuracy (Table 2) and A i,org is the organoleptically significant difference in the 191 concentration of the compound i taken as 10% of the organoleptic threshold of the considered compound in beer 192 [1] . An alternative way of expressing the tolerance would be using the largest of the two values σ i and A i,org . The 
Here n t is the total number of sampling points, θ k and p k are wort temperature and total headspace pressure at the 217 sampling point number k. 218
Overall optimisation criterion. The overall optimisation criterion is the sum of the nine partial criteria. It 219 reflects the best possible trade-off between generally conflicting optimisation goals: 220
Technological constraints 222 The operating conditions (temperature, top pressure and initial yeast concentration) were limited to the model 223 validity range, which is the range of the operating conditions of the experimental design that provided data for 224 model identification and validation. Additionally, the initial top pressure must equal the atmospheric pressure 225 p atm , since it can be increased only by the CO 2 produced by fermentation: 226
On most fermentation tanks, the temperature is controlled using a cooling jacket. The associated control variable, 231 namely the cooling rate Φ θ , can only be positive since no heating device usually exists. Its amplitude is limited 232 by the maximum available cooling power or the maximum possible heat transfer rate: 233
The top pressure is generally controlled by a valve. The corresponding control variable is the outflow gas rate Φ g 235 which is also positive and limited by the valve diameter: 236
This constraint defines the fermentation end time t f . The residual concentration S res is generally known for a 241 given wort and yeast strain. 242
Numerical values of the optimal control problem parameters are reported in Table 3 . The target aroma 243 concentrations considered in this work are given in Table 4 . The aroma profiles of the five sorts of beer listed in 244 Table 4 are discussed in the "Results and discussion" section below. 245 Step 0. Initialisation. A non-optimal but admissible (with respect to the constraints) solution was determined 256 before entering the main algorithm. The initial fermentable sugar concentration is determined from the desired 257 ethanol concentration in the finished beer (E trg ): 258
Dynamic optimisation algorithm
Random but admissible set-point profiles were generated for temperature and top pressure. A random admissible 260 value was generated for the initial yeast concentration. The model equations were solved using simple 261 proportional controllers to follow the set-points: 262
The fermentation end time (t f ) was determined as the moment when the fermentable sugar concentration fell 265 below the specified limit (S res ).The resulting control variables (cooling rate and gas outflow rate) and the 266 resulting fermentation end time were used as starting points for the optimisation. 267
Step 1. Discretisation of the dynamic problem. Let x be the vector of the n x = 12 state variables and u the 268 vector of the n u = 2 control variables: 269 Step 4. Convergence test. The non-linear state equations were solved using the determined control variables. 289
The value of the optimisation criterion was computed and the satisfaction of the constraints was checked. If the 290 control variables, the state variables and the optimisation criterion were modified by less than a pre-specified 291 amount, and if all constraints were satisfied, then calculations were halted. Else a new iteration was made, 292 starting with step 1. 293
The algorithm was always run several (~10) times with various random initialisation in step 0. Robust 294 convergence to the same optimum was observed. Occasionally, local optima in form of zigzagging control 295 profiles were encountered. The control smoothing terms (Equations 31 and 32) were found very useful in 296 avoiding these local optima. A detailed mathematical description of the algorithm is available from the authors 297 on request. 298
Results and discussion
299
Alcoholic fermentation model validation 300 The main measured and simulated variables in the alcoholic fermentation model are presented in Figure 1 for the 301 run R5, not used for the identification of the model coefficients. The carbon dioxide evolution rate is predicted 302 reasonably well. The evolution rate is zero for the first 24 hours: during this time period the produced CO 2 is 303 partly dissolved in the wort and partly accumulated in the headspace increasing the top pressure. The top 304 pressure increases until the set-point is reached and then remains constant being controlled by the outflow valve. 305
The partial air pressure remains constant until the outflow valve is opened and then decreases, the air being 306 evacuated from the tank along with the CO 2 . The partial CO 2 pressure equals the total one when the air was 307 evacuated completely. The ethanol production, proportional to the cumulated CO 2 production, is predicted 308 almost perfectly in this run. It appears from the model simulation that the dissolved CO 2 exceeds its saturation 10 limit by about 50% during the most active fermentation period (between 50 and 100 hours). Dissolved CO 2 310 could not be measured directly in the considered experiments but this value is consistent with data found in the 311 literature [19] and strongly depends on the tank geometry through the parameter τ in Equations 6 and 9. Taking 312 into account the CO 2 super-saturation is the main evolution of the model considered in this paper compared to 313 previous work [8] . It has a moderate impact on the aroma concentrations predicted by the model, particularly in 314 time-varying operating conditions when the top pressure is decreased quickly. 315 isoamyl acetate is significantly overestimated, however. This was already the case with previous models [11] . 320
Aroma production model validation
The measured final isoamyl acetate concentration in run R5 is one of the lowest among all runs, while the 321 operating conditions have intermediate values. This is probably due to anomalous measurements for this 322 particular experiment: in later runs, carried out in conditions similar to run R5, final isoamyl acetate 323 concentrations close to 1.5 mg/L were obtained. The diacetyl is simultaneously produced and reduced during the 324 fermentation run. The production rate decreases gradually and approaches zero at 50 hours. The diacetyl 325 concentration reaches a maximum when the reduction rate equals the production rate and declines exponentially 326 when the production rate becomes negligible. 327 328 This section illustrates the reduction of the production cost for an existing sort of beer without altering its aroma 329 profile. By "aroma profile" is meant here the set of final concentrations of the two higher alcohols and three 330 esters considered in this work. The target aroma concentrations were those measured at the end of the run R5, 331 that is at the central point of the experimental design. The simulated experiment corresponding to run R5 is 332 shown in Figure 3 (A). With constant temperature (13°C), constant top pressure (450 mbar above the atmospheric 333 pressure) and a typical initial yeast concentration (10 million cells/mL) the target aroma profile is reproduced 334 well, illustrating the adequacy of the model. The predicted fermentation time is 121 hours, in agreement with the 335 experimental value (Figures 1 and 2) . 336
Producing an existing beer at a lower cost
The result of applying the optimisation algorithm to the same target aroma profile is illustrated in Figure 3(B) . 337
The final predicted aroma profile matches the target equally well but the fermentation time is reduced to 338 81 hours, that is by 33%. This is achieved by increasing the average fermentation temperature and the initial 339 yeast concentration. The aromatic equilibrium of the final beer is maintained, however, using variable operating 340 conditions (slightly decreasing temperature and uniformly increasing top pressure) by taking advantage of the 341 time-varying fermentation rate and of the time-varying ester yields. The final diacetyl concentration was the 342 same as in run R5 (0.5 mg/L): the highest diacetyl degradation rate due to higher temperature was compensated 343 by a shorter fermentation time. 344 to the optimal control algorithm. The results for the beers B2 and B3 are shown in Figure 4 . Beer B2 has a 347 relatively high concentration of higher alcohols and a low ester concentration, while the opposite is true for beer 348 B3. Figure 4 shows that both aroma profiles can be achieved using the same wort and yeast strain but different 349 operating conditions: Beer B2 needs a high initial yeast concentration, a high fermentation temperature (except 350 for the final phase) and a bell-shaped top pressure profile, while the aroma profile of beer B3 requires roughly 351 the opposite: low initial yeast concentration, V-shaped temperature profile and a low top pressure for most of the 352 fermentation time. Note that beer B2 is produced much faster than beer B3 (91 hours instead of 152) mainly 353 because of the higher average temperature and of the higher initial yeast concentration. This illustrates the fact 354 that the selected weights in the optimisation criterion (Table 3) It is expected, however, that not all aroma profiles can be reproduced with the given yeast strain and wort, even 358 if the operating conditions are selected optimally in their admissible ranges. Two examples are given in Figure 5  359 for the aroma targets of beers B1 and B4 (Table 4 ). The difficulty of achieving the aroma profile B1 comes from 360 the fact a low concentration of ethyl hexanoate can not be obtained simultaneously with a high concentration of 361 isoamyl acetate. The sensitivity of these compounds to the operating conditions (coefficients W i,2 to W i,8 , 362 Table 2 ) are very similar, meaning that their concentrations can not be manipulated independently. The best 363 possible solution found by the optimisation algorithm ( Figure 5(A) ) is a compromise where the final 364 concentration of isoamyl acetate is lower than required and that of ethyl hexanoate is higher. The concentrations 365 of ethyl acetate and isoamyl alcohol are reproduced correctly, however, and that of phenyl ethanol is in the 366 tolerance domain. The situation is worse for the aroma profile B4 (Figure 5(B) ) because the target concentration 367 of ethyl hexanoate is even lower and the concentration of isoamyl acetate even higher. The only compound for 368 which the target is achieved in this case is the isoamyl alcohol. 369 370 Due to the finite amount of experimental data available for model identification and to unavoidable measurement 371 error the beer fermentation model parameters (Tables 2 and 3) can only be determined with limited accuracy. 372
Final aroma profile robustness with respect to model uncertainty
The uncertainty on the model parameters was expressed as a joint probability distribution and determined 373 numerically (based on the so-called local Fisher information matrix) during the model fitting process [20] . The 374 performance robustness was tested for the B2 beer by applying the pre-computed optimal operating conditions 375 (temperature profile, top pressure profile and initial yeast concentration) to 20 models with parameters drawn at 376 random from their respective probability distributions. The 95% confidence domain of the final aroma 377 concentrations is shown in Figure 6 Optimal control strategy robustness with respect to model uncertainty 382 The sensitivity of the optimal control profile to the model uncertainty was investigated for the B3 beer by 383 performing the optimal control calculation for 20 models with parameters drawn at random from their respective 384 probability distributions. The 95% confidence domains of the final aroma concentrations and of the associated 385 operating conditions (temperature, top pressure and initial yeast concentration) are shown in Figure 6(B) . The 386 confidence domain was determined as the range between the 2.5 and the 97.5 percentile of the calculated values. 387
It appears that similar optimal control policies are obtained consistently despite model parameter variations. A 388 V-shaped temperature profile, a bell-shaped top pressure profile and a low initial yeast concentration seem to be 389 truly characteristic to the considered combination of yeast strain, wort composition and target aroma profile. The 390 exact values of the operating conditions are not critical, however. For example, in a practical implementation, 391
±0.5°C variations in the wort temperature, ±200 mbar variations in the top pressure or ±0.5 million cells/mL 392 variations in the initial yeast concentration would not affect the final beer flavour significantly. 393
Conclusion
394
A dynamic model of the beer fermentation process, including an alcoholic fermentation model and an aroma 395 production model, was designed and validated. It is based on nine fermentation runs with operating conditions 396 (temperature, top pressure and initial yeast concentration) selected according to a 2 3 experimental design. The 397 model was used for the dynamic optimal control of the beer fermentation process. A primary goal was to 398 approach pre-specified final aroma targets (two higher alcohols and three esters simultaneously) as close as 399 possible and a secondary objective was to reduce the fermentation time and the final concentration of an 400 undesired aroma compound (diacetyl). 401
An optimal time-varying control policy allowed the reduction of the fermentation time of an existing sort of 402 beer, previously produced in constant operating conditions, by 33% while preserving the final aroma 403 concentrations of the considered compounds. The optimal control strategy also allowed the reproduction of 404 aroma profiles of two existing commercial beers (with different higher alcohols / esters ratios) by means of the 405 operating conditions alone, i.e. using the same yeast strain and wort. Two other existing aroma profiles could not 406 be reproduced satisfactorily (with the same yeast strain and wort) because some aroma compounds had similar 407 sensitivities to the considered operating conditions and could not be manipulated independently. 408
The sensitivity of the final aroma concentrations and of the optimal control policies with respect to modelling 409 errors was explored numerically by generating random sets of model coefficients from their joint probability 410 distributions estimated during the model identification phase. Achievable aroma profiles stayed within the 411 tolerance limits and consistent optimal control profiles were obtained despite model uncertainty. 412 Vector of the state variables X 0 10 6 cells mL -1 Initial yeast concentration in the wort X 0 min 10 6 cells mL -1 Minimum allowed initial yeast concentration in the wort X 0 max 10 6 cells mL -1 Maximum allowed initial yeast concentration in the wort Y DIA/C mg g -1 Diacetyl versus CO 2 production yield
Nomenclature
Ethanol versus CO 2 production yield
Fermentable sugar versus CO 2 yield 
